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Abstract: Mesons as bound states of quark and anti-quark in the framework of a relativistic potential model are studied. In-
teraction of constituents in bound state is described by the Lorentz-scalar QCD inspired funnel-type potential with 
the coordinate dependent strong coupling, αS(r). Lagrangian relativistic mechanics is used to derive the main dynamic two par-
ticle equation of motion. On this basis, relativistic two body wave equation is derived. Solution of the equation for the system 
in the form of a standing wave is obtained. Two exact asymptotic expressions for the meson squared mass are obtained and 
used to derive the meson universal mass formula. Light and heavy meson mass spectra are calculated.  
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1. Introduction 
 Hadron data represent the purest imprint of the hadronic 
world. The number of known hadrons is constantly increas-
ing with the growing energies of accelerators. Thus, in the 
last decade more than ten new charmonium-like states have 
been discovered. More and more states will be discovered in 
the near future. According to the Particle Data Group [1], 
many hadrons are still absent from the summary tables. Ob-
viously, there is still a lot of work to be done both theoretical-
ly and experimentally.  
 Most particles listed in the PDG tables are unstable. 
A thorough understanding of the physics summarized by the 
tables is related to the concept of a resonance. Resonance is a 
widely known phenomenon in Nature and our everyday life. 
This is the tendency of a system to oscillate at a greater am-
plitude at some frequencies, which are known as the system's 
resonant frequencies. Resonance may be defined as the exci-
tation of a system by matching the frequency of an applied 
force to a characteristic frequency of the system. Because the 
frequencies resonate, or are in sync with one another, maxi-
mum energy transfer is possible. 
 The properties of some states are still not very clear. There 
are theoretical indications that some of these new states could 
be the first manifestation of the existence of exotic hadrons 
(tetraquarks, molecules, hybrids etc.), which are expected to 
exist in Quantum Chromo Dynamics (QCD) [2].  
 A vast amount of experimental data on hadron spectrosco-
py raises the question of their classification and establishing 
mass relations. The eightfold way and the standard SU(3) 
Gell-Mann-Okubo (GMO) formula [3,4] have played an im-
portant role in the historical progress in particle physics. 
However, the direct generalization of the GMO formula to 
the charmed and bottom hadrons cannot agree well with ex-
perimental data due to higher-order breaking effects. There 
are many works focused on the mass relations, including 
inequalities [5,6] and equalities [7,8].  
 A unique pre-QCD approach in hadron physics represents 
the Regge theory [9], which is based on general analyticity 
and crossing properties of scattering amplitudes. All mesons 
and baryons in this theory are associated with Regge poles 
which move in the complex angular momentum plane as 
a function of energy. The Regge trajectory of a particular 
pole, the total angular momentum J = Re{α(M2)} (resonance 
effective spins), is characterized by a set of internal quantum 
numbers. Sets of multiple Regge trajectories can be reduced 
to a single line, representing an entire meson family (π, ρ, φ, etc.).  
 In the Regge theory, hadrons are classified in terms of the 
Regge trajectories. The GMO classification scheme works 
for light hadrons which correspond to the linear Regge trajec-
tories. However, it was shown that the Regge trajectories are 
complex nonlinear functions, which can be described with 
the use of the potential models [10,11]. This means that 
the Regge trajectories can be considered as an alternate clas-
sification method.  
 At the present time, there is no strict theory of mesons and 
resonances as relativistic two-body systems. The description 
of the systems as quark-antiquark bound states and their exci-
tations in a way fully consistent with all requirements im-
posed by special relativity and within the framework of rela-
tivistic Quantum Field Theory (QFT) is one of the great chal-
lenges in theoretical elementary particle physics. Within the 
framework of QFT the covariant description of relativistic 
bound states is the Bethe-Salpeter (BS) formalism [12].  
The description of hadronic properties which strongly em-
phasizes the role of the minimum-quark-content part of the 
wave function of a hadron is generically called the quark 
model. It exists on many levels: from the simple, almost dy-
namics-free picture of strongly interacting particles as bound 
states of quarks and antiquarks, to more detailed descriptions 
of dynamics, either through models or directly from QCD 
itself.  
 Semirelativistic potential models have been proved ex-
tremely successful for the description of mesons. The main 
characteristics of the meson spectra can be obtained with 
a spinless Salpeter (SS) equation [13,14] supplemented with 
the Cornell interaction (a Coulomb-like potential plus a linear 
confinement) [15]. Numerous techniques have been devel-
oped in order to solve numerically with a great accuracy the 
semirelativistic equation. Nevertheless, it is always interest-
ing to work with analytical results. Several attempts to obtain 
some mass formulae for hadrons were already performed. 
Some approaches rely on fundamental QCD properties [16], 
but they are limited to the study of ground states of hadrons. 
In other works, the hadron masses are given by a completely 
phenomenological point of view [17]. We will adopt here a 
point of view by assuming that a semirelativistic potential 
model allows a good description of the main features of me-
son spectra. 
 In this work we study mesons as relativistic two body sys-
tems in the potential approach. The problems encountered are 
related to 1) two-particle relativistic equation of motion and 
2) absence of a strict definition of the potential in relativistic 
theory. The Coulomb potential is treated as the Lorentz-scalar 
function of the spatial variable r. The concept of position 
dependent particle mass is developed. We use an assumption 
that in relativistic kinematics the spatial two particle relative 
momentum is relativistic invariant, derive a relativistic two-
particle wave equation and obtain its asymptotic solution in 
the form of a standing wave. The free particle hypothesis for 
the bound state is developed: quark and antiquark move as 
free particles inside of the meson. The relative motion of 
quarks in eigen states is described by the standing wave of 
the form Cnsin(knx+δn) for each spatial degree of freedom. 
2. The potential in relativistic theory 
 The potential is correctly defined in nonrelativistic (NR) 
theory. The NR potential model has proven extremely suc-
cessful for the description quark-antiquark bound states. 
The use of the NR potential in relativistic kinematics gives 
even more accurate results for meson spectra. This success is 
somewhat puzzling in that it persists even when the model is 
applied to relativistic systems. Potential models work much 
better than one would naively expect [11,14–16]. Why the 
NR potential model is so successful even in totally relativ-
istic theories like Regge method in high energy hadron phys-
ics [9]?  
 The potential in relativistic theory has not been as rigor-
ously defined as it is taken to be in classical mechanics. In 
relativistic mechanics one faces with different kind of specu-
lations around the potential, because of absence of a strict 
definition of the potential in this theory. In many applications 
an object's “potential energy”' is a more useful dynamical 
quantity than is the “force” being exerted on the object. In 
fact, for the quantum world the concept of force does not 
exist and the potential energy function replaces it as 
the prime quantity of interest. How does one use the potential 
energy function to deduce motion in classical physics? If a 
particle's potential energy graph and its total energy are 
known, then all dynamical quantities of the particle can be 
found.  
2.1. The vector-like Coulomb potential 
 The interaction of a relativistic particle with the four-
momentum pμ moving in the external field Aμ is introduced 
according to the gauge invariance principle, pμ→ Pμ = pμ– Aμ. 
For zero component P0 = E/c this results in the total energy 
of the particle in the field of the form (here we use the sys-
tem, in which ћ = c = 1) 
2 2 ( )E m V r  p ,       (1) 
where the potential V(r) = eA0(r) is vector-like, i.e., additive 
to the four-component of pμ. This equation by the corre-
spondence principle (replacing physical quantities by opera-
tors acting onto the wave function) gives the one-particle SS 
equation [13,14]. However, in case of a bound state, we have 
a closed system, no external field and any particle of the sys-
tem can be considered as moving source of the interaction 
field. In this case the interacting particles and the potential is 
a unit system.  
 The Coulomb potential is of fundamental importance in all 
physics. It is used in relativistic theory as well as in the NR 
potential models. A good test of potential models is given by 
their application to the description of atomic spectra. The 
binding energy of an electron in a static Coulomb field (the 
external electric field of a point nucleus of charge Ze with 
infinite mass) can be determined in NR formulation from 
solution of the Schredinger's equation. The NR description of 
the atomic spectra is accurate enough; however, it is not ex-
act. The usual approach is to take the nonrelativistic approx-
imation as the starting point. Then corrections are applied 
using perturbation theory.  
 A serious problem of relativistic potential models is defi-
nition and the nature of the potential: whether it is Lorentz-
vector or Lorentz-scalar or their mixture [18]? The spectro-
scopic data are usually analyzed with the use of the Somer-
field’s Fine-Structure Formula [19],  
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where λ(j) = [(j + ½)2 – (Zα)2]½ , n = 1, 2, … is principal and 
j is total angular momentum quantum numbers. The energy 
levels of atoms are determined mainly by the eigenvalues (2), 
QED effects such as self energy and vacuum polarization, 
nuclear size and motion effects. The eigenvalues (2) as the 
ones predicted from solution of the Klein-Gordon wave equa-
tion, obtained for the Lorentz-vector Coulomb poten-
tial [18,20,21].  
 One should note the following about the eigenenergies (2). 
The term λ(j) becomes complex if  Zα > j + ½. This means 
that the S states start to be destroyed above Z = 137, and that 
the P states begin destroyed above Z = 274. Note that this 
differs from the result of the Klein-Gordon equation, which 
predicts S states being destroyed above Z = 68 and P states 
destroyed above Z = 82. Besides, the radial S-wave function 
R(r) diverges as r → 0, i.e., R(r) ≈ rβ, with β = –½ + λ(0), and 
there are no normalizable solutions for vector-like poten-
tials [22]. What is the reason of the problems? This problem 
is very important in hadron physics where, for the vector-like 
confining potential, there are no normalizable solutions. 
2.2. The scalar-like Coulomb potential 
 A Schrodinger-like relativistic wave equation of motion 
for the Lorentz-scalar position-dependent potential S(r) was 
formulated in [20,21]. Though the physical meaning of the 
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Lorentz-scalar potential is not well described, it is generally 
accepted that the Lorentz-scalar potential is coupled to the 
rest mass of the particle such that the relativistic energy-
momentum relations are given as [10,20,21]  
E2 – p2 = m2(r),        (3) 
where m(r) = m0 + S(r) is the position dependent scalar mass. 
This relation is a consequence of the Lagrange equations of 
relativistic motion, with the chosen relativistic Lagrangian 
and a scaled time as the evolution parameter. This issue was 
investigated in our previous works [10,11,15,23] for quarko-
nia and glueballs [24,25]. It was shown that the effective 
interaction has to be Lorentz-scalar in order to confine quarks 
and gluons.  
 A particle of mass m and charge –e moving around a nu-
cleus of charge +Ze under an interaction of the Lorentz- sca-
lar Coulomb potential was considered [20,21]. Solution of 
the time-independent Schrodinger-like relativistic wave 
equation for the potential in polar spherical coordinates was 
obtained. The predictions of this formalism are free from 
the Klein's paradox, and for the Lorentz-scalar Coulomb po-
tential, this formalism yields the exact bound-state eigenfunc-
tions and eigenenergies [21],  
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where λ`(j) = [(j + ½)2 + (Zα)2]½. The energy eigenvalues (4) 
are the same as those predicted exactly from solution of the 
relativistic semi-classical wave equation [23].   
 Application of this Schrödinger-like formalism for the 
Lorentz-scalar square-step potential was shown to be free 
from the Klein's paradox [20,21]. The predictions are free 
from not only the Klein's paradox, but also the paradoxical 
results predicted for the Lorentz-vector potential mentioned 
above [22].  
 Thus, in general there are two different relativistic ver-
sions: the potential is considered either as the zero compo-
nent of a four-vector, or as a Lorentz-scalar. The relativistic 
correction for the case of the Lorentz-vector potential is dif-
ferent from that for the case of the Lorentz-scalar potential. A 
comparison between these two cases was given in [21,22]. In 
contrast to the Lorentz-vector potential, the radial S-wave 
function R(r) for the Lorentz-scalar one is regular as r → 0, 
i.e., R(r) ~ rβ with β = – ½ + λ'(0) [21]. Also, there are nor-
malizable solutions for scalar-like potentials [20–23]. The 
Lorentz-scalar potential results in the concept of position 
dependent mass (3), as usually investigated [20,21,23].  
2.3. The Cornell potential 
 There is some unity in the world of meson spectroscopy. 
The universal flavour-independent confining potential is 
fixed in an extremely simple manner in terms of very small 
number of parameters, all of which have a direct physical 
interpretation. It is generally agreed that, in perturbative 
QCD (pQCD), as in Quantum Electro Dynamics (QED) the 
essential interaction at small distances is instantaneous cou-
lomb one-gluon exchange (OGE); in QCD, it is qq, qg, or gg 
Coulomb scattering. Therefore, one expects from OGE a 
Coulomb-like contribution to the potential at r → 0,   
S
S( )V r
r

 ,        (5) 
where αS is the strong coupling constant. For large distances, 
in order to be able to describe confinement, the potential has 
to rise to infinity. The long range part is dominated by 
a confinement that lattice calculations predict linear in the 
quark distance, i.e., VL(r) ~ σr for large r, where the string 
tension is σ ≈ 0.15 GeV2. The short-distance coulomb term, 
VS(r), and long-distance linear one, VL(r), by simple summa-
tion, V(r) = VS(r) + VL(r), lead to the famous funnel-shaped 
quark-antiquark (Cornell) potential [15],  
4
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 The Cornell potential (6) is a special in hadron physics. It 
incorporates the basic physical quantities of the strong inter-
action: one-gluon exchange at small and the string tension at 
large distances. All phenomenologically acceptable QCD-
inspired potentials are only variations around the Cornell 
potential (6). This potential is unique in that sense, if consid-
ered in the complex-mass scheme; it yields the complex 
eigenmasses for hadrons and resonances, predicting their 
masses and widths [11].  
2.4. The modified Cornell potential 
The Cornell potential (6) is fixed in an extremely simple 
manner in terms of very small number of parameters, which 
are directly related to basic physical quantities noted above. 
However, the strong coupling αS in (6) is a free parameter. 
This potential can be modified by introducing the αS(r) 
dependence [24].  
 The QCD running coupling in momentum representation 
is a function of the virtuality Q2, αS(Q2 = |q2|), or αS(r) in the 
configuration space. More accurate calculations of hadronic 
masses require the accounting for the dependence αS(r) in the 
potential (6). To find the dependence αS(r), we use the con-
cept of dynamically generated gluon mass, μ(Q), which aris-
es from an analysis of the gluon Dyson-Schwinger (DS) 
equations [26].  
 The infinite set of couple DS equations cannot be resolved 
analytically. An approximate resolution of the DS equations 
was obtained by Cornwall in the Feynman gauge. In Euclide-
an space (Q2 > 0), the strong coupling is [26]   
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where b0 = (33 – 2nf)/(12π), nf is number of flavors, Λ is the 
QCD scale parameter. The nonperturbative (NP) QCD gener-
ates an effective, momentum-dependent mass, without affect-
ing the local SUc(3) invariance, which remains intact. This 
solution contains a dynamically generated gluon mass μ(Q) 
and is another NP approach which has led to a very appealing 
physical picture. The gluon mass generation is a purely NP 
effect associated with the existence of infrared finite solu-
tions for the gluon propagator.  
 The use of the mnemonic rule, Q → 1/r, in (7) results in 
the ansatz [24],  
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for the strong running coupling in the coordinate space. The 
running coupling (8) conserves the basic properties of (7) in 
the momentum representation: it agrees with the asymptotic 
freedom properties, i.e., αS(r) → 0 at r → 0. Because of the 
presence of the dynamical gluon mass the strong effective 
charge, g(Q), extracted from these solutions freezes at a finite 
value, giving rise to an infrared fixed point for QCD,  
 
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where μg = μ(Q) is the gluon mass at Q → 0, and μ(Q) → 0 
at Q → ∞  (r → 0). Thus, with the help of (9), one comes to 
the following potential of interaction [25]: 
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 The spin-dependent corrections to the potential (10) can 
also be included [10]. The modified funnel-type potential 
(10) is considered here to be Lorentz-scalar in order to con-
fine quarks and gluons inside hadrons.  
2.5. Relativistic properties of the Coulomb potential 
 Consider some relativistic properties of the Coulomb po-
tential. This potential as a function in 3D-space is given by 
the propagator D(k2) = –1/k2 (Green function) in momentum 
space. The Fourier transform of the function 4παD(k2) gives 
the Coulomb potential V(r) = –α/r. In Minkowski 4D-space, 
a free photon propagates as massless particle with the four-
momentum kμ which is on-mass shell, i.e., k2 = kμkμ = k02 –
 k2 = 0. But, in case of the potential the photons are virtual, 
the interaction is carried by the virtual photons and described 
by the propagator, D(k2) = 1/k2. In this case, the virtual pho-
ton (as a carrier of interaction) is off-mass shell, i.e. k02 – k2 ≠ 0.  
 The Coulomb potential in the four-momentum space [27],   
( ) 4V t
t
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 ,        (11) 
where t = k2 < 0 is momentum transfer, corresponds to the 
scattering amplitude in the Born approximation with the pho-
ton’s propagator D(k2). The Fourier transform of (11) is  
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where x = (t, r), leads to the Coulomb potential.  
 The squared momentum transfer, k2 = k02 – k2 < 0. This 
means that the virtual photon's invariant mass, μ = ±i√k2, is 
imaginary. Similar situation we observe in Regge theory of 
strong interactions, where reggeons (which are described by 
the Regge trajectories) are hypotetical particles with imagi-
nary mass.  
 These arguments could be explanation of the instantaneous 
Coulomb interaction, because the imaginary-mass particle 
propagates with the velocity v > c. The δ-functions in (12) 
mean two directions in space-time, i.e. the “forward-
backward” exchange by the virtual photon. The arguments ct 
± r = 0 of the δ-functions  mean that the photon’s proper 
time, τ = 0, the relative distance r = |r| is Lorentz invariant, 
therefore, the interaction is instantaneous. Thus, two expres-
sions (11) and (12) could be considered as a definition of 
the Lorentz-invariant Coulomb potential. 
3. Relativistic two body equations 
 There are several forms of relativistic two-particle wave 
equations such as the Klein-Gordon equation, the Dirac equa-
tion, quasipotential equations [28.29]. The homogeneous BS 
equation governs all the bound states. Attempts to apply the 
BS formalism to relativistic bound-state problems give series 
of difficulties such as the impossibility to determine the BS 
interaction kernel beyond the tight limits of perturbation the-
ory [30]. Its inherent complexity usually prevents to find 
the exact solutions or results in the appearance of excitations 
in the relative time variable of the bound-state constituents 
(abnormal solutions), which are difficult to interpret in 
the framework of quantum physics [30].  
 For various practical reasons and applications to both 
QED and QCD some simplified equations, situated along 
a path of NR reduction, are used. More valuable are methods 
which provide either exact or approximate analytic solutions 
for various forms of differential equations. They may be 
remedied in three-dimensional reductions of the BS equation; 
the most well-known of the resulting bound-state equations is 
the one proposed by Salpeter [13,14].  
3.1. The spinless Salpeter equation 
 There exist various reductions of the two-body BS equa-
tion [28.29]. Under suitable simplifying assumptions, one 
can derive analytically examples of rigorous solutions to the 
instantaneous homogeneous BS equation by relating tentative 
solutions to the interactions responsible for formation of 
bound states [14].  
 In the BS approach a bound state of four-momentum 
Pμ and squared mass M2 = PμPμ is described by a BS ampli-
tude defined in configuration-space representation as matrix 
element of the time-ordered product of the field operators of 
the bound-state constituents. In momentum space representa-
tion the BS amplitude encodes the distribution of the relative 
momentum p of the two bound-state constituents.  
 The amplitude satisfies the formally exact homogeneous 
BS equation, which involves two kinds of dynamical ingredi-
ents: the full propagators Si(pi) of the constituents with indi-
vidual momenta pi (i = 1, 2), and the BS interaction kernel 
K(p1, p2, P), by construction a fully amputated four-point 
Green function of the bound-state constituents defined per-
turbatively by summation of the countable infinity of all BS-
irreducible Feynman diagrams for two particles into two-
particle scattering.  
 The most straightforward way out is the reduction of 
the BS equation to the SS equation by a series of approxima-
tions, which rely on some simplifying assumptions [14]. 
1) Eliminate any dependence on time like variables; the in-
stantaneous approximation assumes that in the center-of-
momentum frame (c.m.f.) of the bound states, fixed by 
Pμ = (M, P = 0), all interactions between bound state constitu-
ents are instantaneous. In this (“static”) limit, the BS inter-
action kernel K(p1, p2, P) depends only on the spatial com-
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ponents, p1 and p2, of the relative 4-momenta p1, and p2 in-
volved, that is, takes the form K(p1, p2, P) = (p1, p2). 
2) Assume that the BS kernel (p1, p2) depends only on the 
difference q = p1 – p2, (p1, p2) = (q) which means that 
(q) is of convolution type, which entails for the potential 
V(p, q) = V[(p−q)2]; trivially, this means that each momen-
tum-space potential V(p, q) is the Fourier transform of 
a spherically symmetric configuration-space potential V(r). 
3) Neglect any reference to the spin degrees of freedom of 
the involved bound-state constituents. 4) Restrict the whole 
formalism exclusively to positive-energy solutions, which 
will be denoted by wave function ψ(r). 5) Any bound-state 
constituent is assumed to propagate as free particle with 
some effective mass mi required to encompass appropriately 
all dynamical self-energy effects [14].  
 The reduction of the BS equation to the SS equation 
in [30] relies on exactly two simplifying assumptions: 
1) the instantaneous (t = t1 – t2 = 0) approximation assumes 
that in the c.m.f. of the bound states, fixed by Pμ = (M, P = 0), 
all interactions between bound-state constituents are instan-
taneous. In this limit, the BS interaction kernel K(p,q,P) de-
pends only on the spatial components, p and q, of the relative 
four-momenta p and q involved takes the form K(p, q, P) = 
K(p,q). 2) Any bound-state constituent is assumed to propa-
gate as free particle with some effective mass mi required to 
encompass appropriately all dynamical self-energy effects.  
 After applying all these simplifying assumptions and ap-
proximations to the BS equation, one comes to the SS equa-
tion in the c.m.f. [13,14],  
ˆ ( ) M ( )H r r ,       (13a) 
   
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This is the simplest relativistic two-particle eigenvalue wave 
equation. Here in (13a) M is the mass of the system, the po-
tential V(r) arises as the Fourier transform of the BS ker-
nel (q). It is sometimes denoted semirelativistic since is not 
a covariant formulation.  However, even this simplest two-
particle wave equation (13) leads to difficulties. The square 
root of the operators cannot be used as it stands; it would 
have to be expanded in a power series before the momentum 
operator, raised to a power in each term, could act on ψ(r). 
As a result of the power series, the space and time derivatives 
are completely asymmetric: infinite-order in space deriva-
tives but only first order in the time derivative, which is inel-
egant and unwieldy.  
 The next problem is the noninvariance of the energy oper-
ator in (13), equated to the square root which is also not in-
variant. Another more severe problem is that it can be shown 
to be nonlocal and can even violate causality: if the particle is 
initially localized at a point r0 so that ψ(r0, t = 0) is finite and 
zero elsewhere, then at any later time t the equation predicts 
delocalization ψ(r0, t = 0) ≠ 0 everywhere, even for r > ct 
which means the particle could arrive at a point before 
a pulse of light could. This would have to be remedied by the 
additional constraint ψ(r0, t = 0) = 0.  
 There is another problem: the S-wave solution of the equa-
tion (13) for the Coulomb potential diverges at the spatial 
origin and behaves as ψ(r) ~ r–4α/3π at r → 0 [22]. This diver-
gence at the spatial origin is actually a general problem af-
fecting relativistic wave equations with the Lorentz-vector 
potential. For example, the solution of the Dirac equation 
with the Coulomb potential for the S-wave states behaves as 
ψ(r) ~ rλ, λ = (1 – α2)1/2 – 1 at r → 0 [31].  
3.2. Relativistic Quantum Mechanics (RQM) 
 Another approach to bound-state problem which is close 
to nonrelativistic one is RQM. The formulation of RQM dif-
fers from NR Quantum Mechanics (QM) by the replacement 
of invariance under Galilean transformations with invariance 
under Poincare transformations. The RQM is also known in 
the literature as relativistic Hamiltonian dynamics or Poin-
care-invariant QM with direct interaction.  
 This theory is applicable to massive particles propagating 
at all velocities up to those comparable to the speed of light 
c, and can accommodate massless particles. The theory has 
application in high energy physics, particle physics and ac-
celerator physics, as well as atomic physics, chemistry and 
condensed matter physics. RQM is only an approximation to 
a fully self-consistent relativistic theory of known particle 
interactions because it does not describe cases where the 
number of particles changes.  
 The dynamics of many-particle system in the RQM is 
specified by expressing ten generators of the Poincare group 
Mμν and Pμ in terms of dynamical variables. In the construct-
ing generators for interacting systems it is customary to start 
with the generators of the corresponding noninteracting sys-
tem; the interaction is added in the way that is consistent with 
Poincare algebra. In the relativistic case it is necessary to add 
an interaction V to more than one generator in order to satisfy 
the commutation relations of the Poincare algebra.  
 There are three equivalent forms in the RQM called “in-
stant”, “point”, and “light-front” forms [31]. The description 
in the “instant” form implies that the operators of three-
momentum and angular momentum do not depend on inter-
actions. The description in the “point” form implies that 
the mass operators Mμν are the same as for noninteracting 
particles and these interaction terms can be presented only in 
the form of the four-momentum operators Pμ. There is no 
unique way of separating the generators into dynamical sub-
set (including interaction V) and kinematical subset, which 
must be associated with some subgroup of Poincare group, 
usually called stability group or kinematics subgroup [31].  
 The construction for two interacting particles proceeds as 
follows. The two-particle Hilbert space of noninteracting 
system is defined as tensor product of two one-particle Hil-
bert spaces. A two-body unitary representation of Poincare 
group on the two-particle Hilbert space is reducible. A basis 
in this space can be constructed from single-particle bases [31].  
 Clebsch-Gordan coefficients for Poincare group are con-
structed and used to reduce the unitary representation on 
the two-particle Hilbert space to linear superposition (direct 
integral) of irreducible representations. Poincare generators 
for irreducible representations of the noninteracting system 
are constructed, along with operators for the mass, spin, 
helisities.  
4. The two body problem in RQM  
 The SS equation (13) is the conceptually simplest bound-
state wave equation incorporating to some extent relativistic 
effects. This equation is obtained with the help of several 
simplifying assumptions; it has to be regarded as a well-
defined standard approximation to the BS formalism. How-
ever, (13) can be obtained by another way without any ap-
proximations in the framework of RQM from the following 
simple and obvious consideration.  
 The total energy E of the system in NR classic mechanics 
is given by the sum of the kinetic T(p) and the potential V(r) 
energies, E = T(p) + V(r). The total energy E is the integral of 
motion. Similar approach can be used in relativistic theory 
and the problem under investigation can be considered as 
follows. Two free scalar particles 1 and 2 are characterized 
by their coordinates q1, q2 in Minkowsky spacetime and 
the four-momenta p1, p2. If the particles interact each other 
and create a system, we introduce the additional four-vector 
Qμ(q1, q2), some function describing the interaction. This 
four-vector is not an external field, but is a part of the system. 
The two particles and the vector-function Qμ(q1, q2) together 
represent a closed system, which can be described by the 
four-momentum,  
0 1 2 1 2( , ) ( , )P P p p Q q q
    ,     (14) 
where the P0(p1, p2) = p1 + p2. The square of the four momen-
tum (14), PμP μ = M2, is the system’s squared invariant mass.   
 The four-vector (14) describes free motion of the bound-
state system and can be separated into two equations,  
2 2 2 2 0
1 1 2 2 1 2( , ) constE m m Q q q     p p ,   (15) 
P = p1 + p2 + Q(q1,q2) = const.     (16) 
The equations (15) and (16) describe the energy and momen-
tum conservation laws of the bound state system, i.e., the 
total energy E and the total momentum P are the constants of 
motion. If the bound system is stable, the Hamiltonian (15) 
can not depend on the time explicitly, the function Q(q1, q2)  
should not depend on time [32], but depends on the positions 
r1 and r2 of particles, i.e., Q(q1, q2) = Q(r1, r2).  
 It was discussed in Section 3.1 that in the c.m.f. of the 
bound states, fixed by Pμ = (M, P = 0), Qμ = (V, Q = 0), all 
interactions between bound state constituents are instantane-
ous. In this case, the interaction potential respects spherical 
symmetry, i.e., V(q2), where q = p1 – p2, is of convolution type.  
 Coordinates q1, q2 and momenta p1, p2 are conjugate varia-
bles, therefore, the relative momentum q is conjugate to the 
relative distance r = r1 – r2. The system's relative time, τ = 0, 
i.e., the interaction is instantaneous. This means that the Fou-
rier transform of the interaction potential, V(q2), defines the 
interaction V(r) in configuration space. Similar result for the 
Coulomb potential gives the Fourier transform (12). Thus, 
(15) and (16) in the c.m.f. take the form  
2 2 2 2
1 2 ( ) Mm m V r    p p ,     (17) 
p1 + p2 = 0,        (18) 
where p = p1 = – p2, is the particle momentum in the c.m.f. 
The vector p is the conjugate variable of the inter-distance r. 
The equation (17) corresponds to the Hamiltonian (13b) of 
the SS equation (13a).  
 The total energy E (mass M of the system in the c.m.f.) of 
two free particles with masses m1, m2, 
2 2 2 2
1 2=E m m  p p ,     (19) 
can be transformed to the invariant squared momentum,  
   
2
2 2 2 2 2
1 2
1
, ,
4 4
s m
s m m s m
s s
  

    p ,  (20) 
where s = M2 is the Mandelstam’s invariant, m– = m1 – m2, 
m+ = m1 + m2, and λ(m1,m2,s) is basic invariant kinematical 
(three-angle) function [9]. In case of interacting particles, it 
is generally accepted that the Lorentz-scalar potential is cou-
pled to the rest mass of particle such that the relativistic en-
ergy-momentum relation is given by (3), which is a conse-
quence of the Lagrange equations of relativistic motion [21]. 
Taking the time derivative of both sides of (3), since the total 
energy E is constant, one obtains the equation of motion,  
 2 0 ( ) ( )
d
m S r S
dt
   
v
r ,     (21) 
where γ = (1 – v2/c2)–1/2. The scaled (proper) time τ is related 
to the temporal (coordinate) time t in (21) dt = σdτ, where the 
scaled factor σ is chosen as σ = E/m, where E is the total en-
ergy of the particle. With these notations, the relativistic 
equation (21) can be written in the form,  
( )
d
S
d
  
p
r F .       (22) 
This is the Minkowski space-part force acting on the particle. 
The total relativistic energy and the momentum of the parti-
cle are:  
E = γ[m0 + S(r)],  p = γ[m0 + S(r)]v.    (23) 
Thus, we accept the invariant Lorentz-scalar distance de-
pendent particle mass.  
 Similarly, one can consider two relativistic particles with 
the Lorentz-scalar potential W(r) of interaction. The relativ-
istic total energy εi(p) of a particle i, given by the equation 
εi2(p) = p2 + mi2, can be represented as sum of the kinetic en-
ergy, Ti(p), and the rest mass, mi, i.e., εi(p) = Ti(p) + mi. This 
is why the system’s mass (17) can be written as  
M = T1(p) + m1 + T2(p) + m2 + V(r).    (24) 
Kinetic and potential energies are different types of the total 
energy. It is natural to combine the Lorentz-scalar potential 
W(r) with masses of particles. As its Lorentz structure is not 
precisely known, we suppose that the confinement is scalar. 
The scalar potential V(r) is shared among the two masses 
m1 and m2; one choice is to take m1+m2+V(r) = [m1+α1V(r)] + 
[m2+α2V(r)], where α1 = m2/(m1 + m2), α2 = m1/(m1 + m2) as 
in [17]. But, we use other weight coefficients: α1 = α2 = ½, so 
that (24) takes the form:   
M = T1(p) + m1(r) + T2(p) + m2(r),      (25) 
where we have introduced the position dependent particle 
masses mi(r) = mi + ½V(r), because the potential V(r), as 
a part of the bound system, acts equally on each of the particles. 
 There is another explanation for (25). Lagrangian in RQM 
is formulated with the proper-time as the evolution parame-
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ter [20,21]. In case of two relativistic particles with the scalar 
potential of interaction V(r), the system's proper relative time, 
τ = 0, (instantoneous interaction), the system's proper time, 
T, as the evolution parameter, is the same for both particles in 
the bound state. Taking the time derivative of (18) by the 
proper time T with the help of (22) and (23), we have 
F1 + F2 = 0, for the space part of Minkowski force, that gives 
|F1| = |F2| . Forces acting on bound particles in the c.m.f. are 
equal and opposite each other. Therefore, taking into account 
(22)–(25), one can write, for the system's total energy (invar-
iant mass):  
2 2 2 2
1 2M = m ( ) m ( )r r  p p .     (26) 
 The equation (26) can be transformed to the form (20) for 
p2 as the function of the invariants s = M2, m1(r) and m2(r),  
 
2
22 2s V ( , )
4
s m
m U s r
s


       
 
p ,   (27) 
where κ2 is the squared invariant momentum given by (20),  
2
2U( , ) 2 V( ) V ( )
4
s m
s r m r r
s



   
,   (28) 
is the potential function, 2( , ) ( ) / 4K s m s m s   . The equa-
tion (27) is the relativistic analogy of the NR expression p2 = 
2μ[E – V(r)]  ≡ k2 – U(E,r), where μ = m1m2/m+ for the two 
body system; it can be written in the form of one-particle 
equation: 
 
22 2M V( )m r  π ,  
2 2
2
4s
s m


π p .    (29) 
The constants of motion M and κ2 are connected by the rela-
tion  
2 2 2 2
1 2M κ κm m    .      (30) 
The expressions (26), (27) and (29) are equivalent and used 
to write the corresponding two-particle wave equations.  
5. The two body wave equation and its 
solution 
 The wave equations in QM can be derived with the help of 
the fundamental correspondence principle, which has been 
used at the stage of creation of quantum theory. Equa-
tion (26), (27) and (30) by the correspondence principle (re-
placing physical quantities by operators acting onto the wave 
function) give three equivalent two-particle spinless wave 
equations  
   
2 2
2 2
1 2m ( ) m ( ) ( ) M ( )i r i r  
 
        
 
r r ,  (31) 
 
2
2U( , ) ( ) κ ( )i s r      
  
r r ,     (32) 
   
2 2 2
2
4
V( ) ( ) M ( )
s
i m r
s m
 

 
     
 
r r ,   (33) 
 The wave equations (31) – (33) could be solved by regular 
methods, but not for the potential (10). The equation (32) can 
be considered as a Schrödinger-type wave equation with rela-
tivistic kinematics. It is hard to find an analytic solution of 
known relativistic wave equations for the potential (10) that 
does not allow us to get an analytic dependence E2(k,l). This 
aim can be achieved with the use of QC method which is the 
mathematical realization of the correspondence principle in 
QM. The QC method developed in [33,34] was tested as the 
exact for all one-particle solvable spherically symmetric po-
tentials [33]. The corresponding eigenfunctions have the same 
behavior as the asymptotes of the exact solutions.  
 To derive the QC wave equation we start with the corre-
sponding classic equation in Hamilton-Jacobi formulation. In 
this work, we consider (27); the corresponding wave equa-
tion is (32). To obtain the QC equation, we replace the opera-
tor 2   by the canonical operator Δc. In the spherical 
coordinates q = {r, θ, φ} with the determinant det gij = r2sin θ 
of the metric tensor, gij, the canonical operator is 
2 2 2
2 2 2 2 2 2
1 1
sin
c
r r r  
  
   
  
.     (34) 
The operator (34) acts in the representation on the state func-
tion ( ) det ( )ijg  r r . The QC wave equation corre-
sponding to (32) is  
 2( , ) ( ) κ ( )c U s r       r r
.    (35) 
The normalization condition is given by the equality  
2 2
( ) ( ) det 1drd d g drd d       r r .   (36) 
The generalized QC two-particle wave equation in the arbi-
trary curvilinear coordinates, Q = {q1, q2, q3}, is  
2
3
2
1
U( , ) ( ) κ ( )
i ii
i
s q
g q
   
    
   
 q q . (37) 
It is the second-order differential equation of the Schrödinger 
type in canonical form. An important feature of this equation 
is that, for two and more turning-point problems, it can be solved 
by the conventional leading order in ħ WKB method [33]. 
 An appropriate solution method of the QC wave equation, 
which is the same for NR and relativistic systems, was de-
veloped in [33,34]. In this method, each of the one-
dimensional equations obtained after separation of the QC 
wave equation is solved by the same QC method. The QC 
wave equation (35) for the potential (10) is solved by the 
asymptotic method. This means that (35) is considered sepa-
rately for two limiting cases, i.e., for the short-distance cou-
lombic, VS(r), and the long-distance linear part, VL(r), of the 
potential (10). Joining the two asymptotic solutions with the 
help of the two-point Pade approximant we obtain the inter-
polating mass formula.   
 The QC equation (35) for the Coulomb-like term of the 
potential (10) in the spherical coordinates is  
22 ( )
( ) 0
4
c s m a rs m
s r


   
        
     
r .  (38) 
The equation (38) is separated that gives the radial  
22 2 2
l
2 2
( )
R( ) 0
4
d s m a r M
s m r
dr s r r


   
       
     
 (39) 
and angular, 
2 2
2
2 2
( ) 0
sin
zd MM
d

 

   
 
,   (40) 
equations, where M2 and Mz2 are the constants of separation 
and, at the same time, integrals of motion. The angular QC 
equation (40) is especially important in our approach since it 
determines the angular momentum eigenvalues Ml ; this 
equation is solved by the same QC method.  
 The QC quantization condition appropriate to (40) at the 
interval 0 ≤ θ ≤ π is [33,34]  
2
1
2
2
2
1
sin 2
zMM d n



 


   
 
 ,  nθ = 0, 1, 2,…  (41) 
where θ1 and θ2 are the classic turning points. The condition 
(41) results in the squared angular momentum eigenval-
ues [34],  
2
2 2
l
1
2
M l

  
 
,        (42) 
where l = nθ + m, m = 0, ±1, ±2,… – asymutal quantum num-
ber. Eigenvalues (42) differ from the ones, L2 = l(l+1)ħ2, ob-
tained from solution of the Schrödinger equation. The eigen-
values (42) are universal for all central potentials [33].  
 The radial equation (39) is solved by the same QC method 
in the complex plane. The problem has two turning points 
and the QC quantization condition is [33,34]  
22 2
l
2
( ) 1
2
4 2
C
s m a r M
s m dr k
s r r
 
    
        
    
 ,  (43) 
where k = 0, 1, 2,… The phase-space integral (43) is calcu-
lated with the use of the residue theory, method of stereo-
graphic projection and the property of the asymptotic free-
dom αS(r → 0) → 0 [24] that gives, for the squared mass,  
   
2
* 2
2 2 2 *
N N N N NM w w 

    
 
,   (44) 
where 2 2 2
N N N(1 )m v im m v    , m• = m+/2,  vN = a∞/2N, 
α∞ = 2/[3b0ln(2mg/Λ)], N = (k + ½) + |l + ½|. In the case if 
m1 = m2, the (44) takes the form 
2 2 2
N NM 4( )p m  , where 
pN = imvN. The formula (44) is the first asymptote for the 
squared system mass.   
 The radial equation (39) for the potential (10) is  
 
2 2 2
2
l
2 2
R( ) 0
4
qq
d s m M
s m V r
dr s r


           
. (45) 
The problem has four turning points and the QC quantization 
condition is [23]  
 
2 2
2
2 l
2
1
M 4
4 2
qq
s m M
m V dr k
s r
 
           
 . (46) 
The integral (46) is calculated analogously to the above one 
(39) with the help of the residue theory that results in the 
cubic equation, for s = M2,  
3 2
1 2 3 0   s a s a s a .      (47) 
2
1 16a a m   ,   2 2 2 22 64 16a a N a m      , 
 
2
3 8a a m   ,   12N N k   . 
The equation (47) has three (complex in general case) roots.  
The real part of the first root, Re{s1}, gives the physical solution,  
1
2
N N,1 1
1 2 1
2 cos( /3) /3, 0;
M Re{ } /3 ( 0), 0;
/ 3, 0,
p a Q
s a q Q
f f a Q
   

    
   

 (48) 
where φ = arcos[–q/√(–p3)], p = –a12/9 + a2/3, q = a13/27 –
 a1a2/6 + a3/2, Q = p3 + q2, f1 = (–q + √Q)1/3, f2 = (–q – √Q)1/3.  
 The two exact asymptotic solutions (44) and (48) are used 
to derive the quark-antiquark mass formula. The interpolation 
procedure [10,35] for these two asymptotes is used to derive 
the mass formula that gives:  
 
2
*
2 2 2
N N N N,1M Re{ }s 

   
 
.   (49) 
The mass formula (49) is used to describe the mass spectra of 
both light and heavy mesons.  
6. Results and discussion 
 To demonstrate the efficiency of the model we compute 
the masses of the families of ρ, K0*, D± and B0* Regge trajec- 
Table 1. The ρ-family meson states 
State 
(nr+1)
2S+1LJz 
mtheor MeV/c
2 
Formula (49) 
mexp МэВ/с
2 
Data [1] 
Parameters 
 13S1   ρ(770) 775.5  775.26 ± 0.34 
  α∞/2 = 1.604 
  σ/2 = 135 МэВ2 
  mu = 199 МэВ 
  md = 395 МэВ 
  Λ = 510 МэВ 
  μg = 416 МэВ 
 13P2   a2(1320) 1313.6 1318.3 ± 0.6 
 13D3   ρ3(1690) 1689.2 1688.8 ± 2.1 
 13F4   a4(2040) 1989.7 1996.3 ± 10 
 13G5   a5(1G) 2247.9 − 
 23S1   ρ(2S) 1671.4 1720.0 ± 20 
 33S1   ρ(3S) 2237.5 − 
 43S1   ρ(4S) 2682.2 − 
Table 2. The K0*-family meson states 
State 
(nr+1)
2S+1LJz 
mtheor MeV/c
2 
Formula (49) 
mexp МэВ/с
2 
Data [1] 
Parameters 
 13S1   K*(2010) 895.9 895.81 ± 0.3 
  α∞/2 = 1.558 
  σ/2  = 117 МэВ2 
  md= 395 МэВ 
  ms= 657 МэВ 
  Λ = 503 МэВ 
  mg= 416 МэВ  
 13P1   K*(2460) 1431.6  1431.4 ± 1.6 
 13D3   K*(1D) 1779.3 1776.7 ± 7.0 
 13F4   K*(1F) 2047.1 2045.0 ± 9.0 
 13G5   K*(1G) 2275.1 − 
 23S1   K*(2S) 1722.4  1.717 ± 9.0 
 33S1   K*(3S) 2241.7 − 
 43S1   K*(4S) 2643.8 − 
Table 3. The D±-family meson states 
State 
(nr+1)
2S+1LJz 
mtheor MeV/c
2 
Formula (49) 
mexp МэВ/с
2 
Data [1] 
Parameters 
 13S1  D*(2010) 2010.3 2010.3 ± 0.13 
 α∞/2 = 1.083 
 σ/2  = 221 МэВ2 
 md= 395 МэВ 
 mc= 1143 МэВ 
 Λ = 403 МэВ 
 mg= 416 МэВ 
 13P1  D*(2460) 2464.4 2464.30 ± 1.60 
 13D3  D*(1D) 2818.9 − 
 13F4  D*(1F) 3124.1 − 
 13G4  D*(1G) 3398.6 − 
 23S1  D*(2S) 2789.4 − 
 33S1  D*(3S) 3380.2 − 
 43S1  D*(4S) 3874.7 − 
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Table 4. The B0*-family meson states 
State 
(nr+1)
2S+1LJz 
mtheor MeV/c
2 
Formula (49) 
mexp МэВ/с
2 
Data [1] 
Parameters 
 13S1  B*(5280) 5325.1 5325.1 ± 0.4 
 α∞/2 = 0.879 
 σ/2  = 604 МэВ2 
 md= 395 МэВ 
 mb= 3493 МэВ 
 Λ = 139 МэВ 
 mg= 416 МэВ 
 
 13P1  B*(5747) 5743.0 5743.0 ± 5.0 
 13D3  B*(1D) 6127.4 − 
 13F4  B*(1F) 6492.6 − 
 13G4  B*(1G) 6841.7 − 
 23S1  B*(2S) 6101.6 − 
 33S1  B*(3S) 6823.9 − 
 43S1  B*(3S) 7486.4 − 
 
tories (tables 1 – 4, where masses are in MeV). The free fit  
to the data [1] show a good agreement for the light and 
heavy meson mass spectra. Note, that the gluon mass in the 
independent fitting of the data, μg = 416 MeV, is the same, 
for all mesons and glueballs [24,25]. The d quark effective 
mass is also practically the same, i.e., md ≈ 394 MeV, for 
light and heavy mesons. 
 The parameter values in the potential (10), αS and σ are 
shown in tables 1 – 4 to be half that of the fitted values, 
which correspond to open strings. It was argued [36] that 
mesons and baryons can be described as rotating open strings 
in holographic backgrounds; closed strings, should be the 
duals of glueballs in hadron physics. A basic prediction of 
the closed string model is that the slope of Regge trajectories 
is half that of open strings. The effective tension σ of 
a closed string is twice that of an open string, σclosed = 2σopen, 
and hence there is a major difference between the two types 
of strings.  
 Predicting the existence and shape of the Regge trajecto-
ries remains a test of the success of any phenomenological 
meson model. In particular, approximately-linear Regge tra-
jectories have been shown to arise from earliest string models 
of mesons. Their existence is still regarded as evidence for 
the view of the meson as a pair of quarks connected by a 
gluonic string. 
 The RQM methods are shown to be a very powerful tool 
to deal with different forms of relativistic wave equations. 
The asymptotic method developed here provides either exact 
or approximate solutions, for relativistic one-particle and 
two-particle QC wave equations. The model supports the free 
particle hypothesis and those relevant to particles subject to 
non-trivial potentials.  
7. Conclusion 
 The constituent quark picture could be questioned since 
potential models have serious difficulties because the poten-
tial is non-relativistic concept. However, in spite of non-
relativistic phenomenological nature, the potential approach 
is used with success to describe mesons as bound states of 
quarks.  
 The properties of some states are still not very clear. There 
are theoretical indications that some of these new states could 
be the first manifestation of the existence of exotic hadrons 
(tetraquarks, molecules, hybrids etc.), which are expected to 
exist in QCD.  
 We have modeled mesons to be the bound states of two 
quarks interacting by the QCD-inspired funnel-type potential 
with the coordinate dependent strong coupling, αS(r) and 
derived the meson interpolating mass formula (49). This ap-
proach has allowed us to describe in the unified way the cen-
tered masses of light and heavy meson states. More accurate 
calculations require accounting for the spin corrections, i.e., 
spin-spin and spin-orbit interactions. The spin-dependent 
corrections to the potential (10) have been considered in [10]. 
The mass formula (49), if considered in the complex-mass 
scheme [11], can be generalized to the complex eigenmasses, 
i.e., centered masses and total widths. These calculations can 
be considered elsewhere.  
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